Spinorial geometry methods are used to classify solutions admitting Majorana Killing spinors of the minimal 4-dimensional supergravity in neutral signature, with vanishing cosmological constant and a single Maxwell field strength. Two classes of solutions preserving the minimal amount of supersymmetry are found. The first class admits a null-Kähler structure and corresponds to a class of self-dual solutions found by Bryant. The second class admits a null and rotation-free geodesic congruence with respect to which a parallel frame can be chosen. Examples of solutions in the former class are pseudo-hyper-Kähler manifolds; and examples in the latter class include self-dual solutions, as well as a neutral-signature IWP-type solution.
Introduction
Much is known about supersymmetric solutions of 4-dimensional supergravity. The classification programme was initiated in work of [1, 2] for supergravity theories with Lorentzian signature. The first classification of solutions in a 5-dimensional theory was constructed in [3] , by making use of Fierz identity/G-structure analysis. Further extensions of the 4-dimensional Lorentzian analysis, using similar methods, was then done in [4, 5, 6] . Classifications of solutions with minimal supersymmetry in D=11 supergravity were also found [7, 8] . Other work on the classification of supersymmetric solutions including more general couplings to hypermultiplets in 4 and 5 dimensions [9, 10] and in 6 dimensions using spinorial geometry [11, 12] and Fierz identity/G-structure methods [13] . Spinorial geometry techniques have proven to be particularly powerful for the analysis of supersymmetric solutions. This method exploits the fact that spinors can be written as differential forms [14, 15] . This is then applied to classifying supergravity solutions by employing gauge transformations in order to express the Killing spinors in simplified canonical forms, which are then used to solve the Killing spinor equations. Such techniques were first used to classify supersymmetric solutions in D=11 supergravity [16] , and have also been applied to heterotic and type II supergravity theories [17, 18, 19, 20] ; see also the review [22] for a comprehensive description of the applications of spinorial geometry to the classification programme.
This work was performed for Lorentzian signature supergravity theories. Analogous classifications have also been performed for Euclidian signature theories in D=4, [23, 24, 25] , making use of 2-component spinor and spinorial geometry techniques. Einstein-Weyl structures, and the SU(∞) Toda equation are among some of the geometric structures associated with such supersymmetric solutions. In contrast, the case of 4D supersymmetric solutions in neutral signature (+, +, −, −) supergravity theories has received relatively little attention. The analysis of parallel spinors in such theories has been performed in [26, 27, 28] , and null-Kähler structures are obtained. A further classification of solutions in U(1) gauged neutral signature 4D supergravity, with a nonzero cosmological constant, and coupled to a single Maxwell field strength, was constructed in [29] .
In this paper, we determine, using spinorial geometry techniques, the classification of supersymmetric solutions of the the minimal D=4 neutral signature supergravity, coupled to a Maxwell field strength and with vanishing cosmological constant. The D=4 ungauged neutral signature N = 2 supergravity theory, coupled to an arbitrary number of abelian vector multiplets, with scalars taking values in a projective special para-Kähler manifold, was obtained from D=11 M* theory [30] via a reduction on CY 3 × S 1 [31] . In our work, we consider the truncation of this theory to a single Maxwell field strength, with constant scalars. The case of minimal N = 1 supersymmetric solutions is considered, for which the Killing spinors are Majorana. It is shown that there are two orbits associated with such spinors, and the simplified canonical forms are obtained using appropriately chosen Spin(2, 2) gauge transformations. For both orbits, the necessary and sufficient conditions for a solution to be supersymmetric are determined. One orbit, for which the spinor is chiral, corresponds to a sub-class of the solutions considered in [26, 27, 28] for which the spinor is parallel with respect to the Levi-Civita connection and the geometry admits a self-dual instanton. However, the geometry associated with the other orbit, for which the spinor is non-chiral, is novel. Moreover, it does not arise as a limit of solutions constructed in the analysis of [29] for the case of a positive cosmological constant.
The plan of this paper is as follows. In Section 2, the canonical Majorana orbits are determined. In Section 3, the Killing spinor equations for spinors in the two canonical orbits are analyzed, and the conditions on the geometry and the Maxwell field strength determined. Examples of solutions are also constructed. In Section 4, a "Wick rotated" Killing spinor equation is considered, and it is shown that solutions of this Killing spinor equation are in 1-1 correspondence with those considered in Section 3. In Section 5, we present our conclusions, and discuss the relationship between the non-chiral spinor orbit geometry, and the classification of [29] . In Appendix A the spinorial geometry conventions are presented, and in Appendices B and C some further details of the analysis of the Killing spinor equation conditions in Section 3 are given.
Majorana Spinor Orbits
The Killing spinor equation (KSE) which we consider is given by
where F is the Maxwell field strength, which satisfies
In particular, if ǫ satisfies (2.1) then so does C * ǫ. Hence it is sufficient to consider Majorana spinors ǫ which satisfy C * ǫ = ǫ. We begin by choosing simple canonical forms for the Majorana spinors. A basis (over R) for Majorana spinors {η 1 , η 2 , η 3 , η 4 }, satisfying C * η i = η i , is given by
Consider the spaces of Majorana spinors Span R ({η 1 , η 2 }) and Span R ({η 3 , η 4 }). We remark that the spinor orbits for the case of (2, 2) signature presented in [26] correspond to Majorana spinors, where the spinors are taken to be in R 2 ⊕ R 2 . The two copies of R 2 are identified with Span R ({η 1 , η 2 }) and Span R ({η 3 , η 4 }). To evaluate canonical forms for Majorana spinors, we use only real Spin(2, 2) gauge transformations which commute with C * and hence preserve the Majorana condition. Here we use the conventions presented in Appendix A.
The action of σ 1 , σ 2 , iσ 3 associated with (real) Spin(2, 2) gauge transformations, acting independently on these vector spaces is generated by
It follows that a SL(2, R) transformation generated by T 1 , T 2 , T 3 can be used to write ǫ 1 ∈ Span R ({η 1 , η 2 }) as ǫ 1 = a.η 1 where a = 0 or a = 1. A similar argument can be used to write ǫ 2 ∈ Span R ({η 3 , η 4 }) as ǫ 2 = b.η 3 for b = 0 or b = 1. So there are three possible canonical Majorana spinors corresponding to
however η 1 and η 3 are also related by the P in(2, 2) transformation generated by γ 1 , so there are two canonical Majorana spinors given by ǫ = 1 + e 12 , or ǫ = 1 + e 12 + e 1 + e 2 . (2.6)
We next analyse the conditions obtained from (2.1) in these two cases.
Analysis of the Killing Spinor Equation
In this section, we analyse the Killing spinor equation (2.1). For each of the two classes of canonical Majorana spinors given in (2.6) we derive the necessary and sufficient conditions on the geometry and the Maxwell field strength.
Solutions with Killing Spinor
Consider first the KSE (2.1) in the case for which ǫ = 1 + e 12 . We find, on acting with γ 5 on (2.1), the conditions
As the Majorana spinor 1 + e 12 is parallel, the geometry corresponds to one found in [26] . The condition / F Γ µ (1 + e 12 ) = 0 is also equivalent to F = ⋆F , where ǫ 1122 = 1. The bilinear given by
is represented by the two-form
Using the KSE, it can be shown that
Moreover χ is null (χ 2 = 0). Therefore the solutions admit a null-Kähler structure. The metric can be written in the form [26, 27, 28] 
where we have used the notation
The vanishing of the Ricci curvature implies the conditions:
(3.7)
Example: Pseudo-Hyper-Kähler metrics
Further conditions can be obtained if one assumes extended supersymmetry. For example, consider a N = 2 solution which, in addition to the Killing spinor ǫ = (1 + e 12 ), also admits a further Killing spinor given by η = i(1 − e 12 ). The two form spinor bilinear given by
is represented by
Moreover we calculate a third 2-form spinor bilinear given by
This is given by
Therefore we have the three bilinears:
We write
Then the KSE imply that
with
and
Hence, the geometry admits a pseudo-hyper-Kähler metric.
Solutions with Killing Spinor
Next, consider the case for which the Killing spinor is ǫ = 1 + e 12 + e 1 + e 2 . Then the linear system obtained from (2.1) is as follows:
To proceed, consider the 1-form W defined by
and the 2-form χ given by
These spinor bilinears are given explicitly by
We remark that the conditions (3.20), (3.21), (3.22) , (3.23) are equivalent to the linear system (3.17). To proceed with the analysis of these conditions, note that (3.22) implies that
Furthermore, we also have as a consequence of (3.23)
and also
On substituting (3.25) and (3.26) into (3.23), it follows that (3.23) is equivalent to
This condition determines all components of F in terms of the geometry. On using (3.27) to eliminate F from (3.22) , it follows that (3.22) is equivalent to
To proceed, consider (3.25) . This implies that
for some 1-form ψ. The Bianchi identity implies that
and hence here exists a function G such that
There is a freedom to make the redefinition
and we note thatθ 2 = 1 andθ, W are orthogonal. On making this redefinition, and dropping theˆ, we take without loss of generality
In addition, on making use of (3.28), it follows that
and so (3.26) implies
hence (3.28) simplifies to
It remains to evaluate (3.22) and also (3.27) . On setting F = −dθ, (3.22) is equivalent to
and (3.27) is equivalent to
The conditions on ∇θ obtained from (3.38) can be simplified, making use of (3.35) and (3.36) to give
where τ is orthogonal to θ and W , and satisfies τ 2 = −1. Details of this analysis are given in Appendix B.
The condition (3.37) is equivalent, together with (3.24), to
where, with respect to the frame {V, W, τ, θ}, the metric is
with volume form dvol = W ∧V ∧τ ∧θ. Details of this analysis are given in Appendix C. Hence, the geometric conditions obtained so far, associated with the frame (3.42), can be written as
and the gauge field is
We remark that these conditions, as well as the metric (3.42) are invariant under the redefinitions
Next we consider the gauge field equations. In order to analyse these, we note that
and that the condition (3.23) can be rewritten as
from which it follows that
and therefore
Hence, it follows that there exists a 1-form ψ such that
The gauge field equations d ⋆ F = 0 then imply that
Hence there exists a function H such that
By making use of a redefinition of the form (3.46) we can without loss of generality set H = 0, and then (dropping the primes)
As we have already found the condition F = −dθ, the gauge field equations are equivalent to
On substituting (3.55) into the condition (3.40), and making use of the closure of W , it follows that (3.40) is equivalent to
As we also have the conditions ∇ W W = 0 and ∇ W θ = 0, and the metric must also be parallel with respect to W , this also implies that ∇ W V = 0 as well, i.e. the frame {V, W, τ, θ} is parallel with respect to W . We also remark that the condition (3.41) can be rewritten as
It remains to consider the Einstein equations. The integrability conditions of the KSE, together with the Bianchi identity and gauge field equations, imply that
where E µν = 0 is equivalent to the Einstein equations. Then (3.58) implies that
Furthermore, (3.58) implies that
On making use of the condition B(ǫ, Γ 5 ǫ) = 0 and B(ǫ, ǫ) = 0, the above expression implies that χ ρ ν E µν = 0, and ⋆ χ ρ ν E µν = 0 (3.61)
or equivalently
Then (3.59) and (3.62) imply that the only component of the Einstein equations not implied to hold by supersymmetry is that corresponding to
To summarize; in the case for which the Killing spinor is ǫ = 1 + e 12 + e 1 + e 2 , the necessary and sufficient conditions for supersymmetry are:
where e a denotes the frame {V, W, τ, θ}, with respect to which the metric is
and the Maxwell field strength is
The conditions (3.64) and (3.65) imply that W is co-closed, so this condition has been omitted from (3.64), (3.65). These conditions are also sufficient to ensure that all components of the Bianchi identity and gauge field equations hold, and that all but one component of the Einstein equations are satisfied. The remaining component of the Einstein equations which is not implied by supersymmetry is (3.63), which must be imposed as an additional condition to the above.
Example: Solutions with F = 0
For solutions with F = 0, we note that if ǫ is a parallel Killing spinor, then so is γ 5 ǫ. So, taking ǫ = 1 + e 12 + e 1 + e 2 , this implies that both 1 + e 12 and e 1 + e 2 are independently parallel, i.e. such solutions are actually N = 2 solutions which admit two spinors ǫ 1 = 1 + e 12 and ǫ 2 = e 1 + e 2 . These are therefore special cases of the solutions considered in Section 2.1, and have also been considered in [26] . It is however instructive to consider how such solutions appear in terms of the classification of solutions constructed for the spinor ǫ = 1+e 12 +e 1 +e 2 . In particular, the condition F = 0 together with (3.45) and (3.55) implies that dθ = dτ = 0 (3.68) and hence local co-ordinates v, u, x, y can be introduced such that
with the vector field dual to W given by
because W , τ and θ are closed. Furthermore, the conditions
imply that
also, so W is an isometry and therefore parallel. In particular, this implies that the functions A, h 1 , h 2 are independent of v. A co-ordinate change of the form v = v ′ + f 1 (u, x, y) can then be used to set, without loss of generality h 2 = 0, so V = dv + Adu + hdx wheren A and h are independent of v (dropping the prime) Next, the condition ∇ τ θ = 0 implies that ∂ y h = 0, so a further co-ordinate transformation of the form v = v ′ + f 2 (u, x) can be used to set h = 0 as well. It follows that in these co-ordinates, the metric is
It remains to impose the Einstein equations, which are equivalent to R vv = 0. This implies that
Hence, A is a u-dependent function which is harmonic on R 1,1 , i.e.
In particular, the metric (3.73) is self-dual if and only if
and the metric is anti-self-dual if and only if
Such solutions have already been constructed in [32] , albeit in different co-ordinates. In particular, the metric is written in terms of co-ordinates {p, t, u, v} as
where H = H(p, u). On changing co-ordinates to {p,t,û,v}, wherê
the metric is
for H = H(p,û). Finally, on settinĝ
where g 1 , g 2 are chosen to satisfy
The metric (3.83) corresponds to the solution given in (3.73), in the special case for which the wave profile function A contains only either left (or right) moving modes, on making a trivial re-labelling of the co-ordinates.
Example: Solutions with self-dual F
A more general class of solutions is obtained by taking non-zero, but self-dual, F . If F = ⋆F , then the geometric conditions imply that
We can then introduce local co-ordinates {v, u, x, y} so that the vector field W is W =
∂ ∂v
, and the 1-forms are
(3.87)
Requiring that d ⋆ W = 0 implies that ∂ v p 2 = 0, and hence on defininĝ
we can without loss of generality take p 2 = 1. The conditions ∇ W e a = 0 further imply that
The condition ∂ v h 2 = 0 implies that on making a co-ordinate transformation of the form v =v+F (u, x, y), we can without loss of generality drop the hat, and set h 2 = 0. Next, the condition (3.86) implies that
The conditions (3.90) and (3.91) imply that
By making a co-ordinate transformation of the form
we can without loss of generality set ψ = 0, and take
q. After making these simplifications, the metric is
The remaining geometric conditions are obtained from the condition ∇ a e a = 0, which implies
and d ⋆ θ = 0 implies
and the condition dθ = ⋆dθ further implies
The conditions (3.95), (3.96) and (3.97) have a simple geometric interpretation. In particular, on defining
it is straightforward to show that ω andω define null almost complex structures with respect to the metric (3.94). The conditions (3.95), (3.96) and (3.97) are then equivalent to
In particular, the metric admits a null-Kähler structure with respect to ω. This is to be expected, as the Killing spinor equation (2.1), together with the self-duality condition F = ⋆F , imply that the chiral spinor e 1 + e 2 is parallel with respect to the Levi-Civita connection. In contrast, the conditions (3.95), (3.96) and (3.97) are insufficient to imply integrability of the null almost complex structureω. The conditions (3.95), (3.96), and (3.97) imply that all components of the Ricci tensor vanish, with the exception of R uu , where
The condition R uu = 0 must also be imposed.
Example: A Neutral Signature IWP Solution
A final example is that of a neutral signature IWP-type solution, which has metric
where t, x are real co-ordinates and w is a complex co-ordinate. λ and σ are functions of the co-ordinates x, w,w, and φ = φ x dx + φ w dw + φwdw is a real 1-form whose components are t-independent. The 1-form φ satisfies
which has dual
The Bianchi identity and gauge field equations imply that λ, σ satisfy
In order to show that this solution satisfies the requirements to admit a (non-chiral) Majorana spinor, we first note that the condition (3.105) implies that there exist real functions G ± of the co-ordinates x, w,w which satisfy
The integrability conditions which are sufficient to imply local existence of such functions are equivalent to (3.105). We shall use the functions G ± to define the basis W, θ, τ, V as follows:
The metric given with respect to this basis in (3.42) then corresponds to the neutral IWP metric (3.101). W is closed, and both W and θ are co-closed. Furthermore, the gauge field strength satisfies
Furthermore, all the remaining geometric conditions in (3.64) and (3.65) hold, as well as the Einstein equations. We remark that the neutral IWP metric is in fact a N = 2 Majorana solution. To see this, it is straightforward to show that the neutral IWP solution satisfies the Killing spinor equation (2.1), with a Dirac spinor η = λ.1 + σe 1 . From such a Dirac spinor, one can construct two linearly independent non-chiral Majorana spinors
and ǫ 1 (or ǫ 2 ) is related to the spinor 1 + e 1 + e 2 + e 12 via an appropriately chosen Spin(2, 2) gauge transformation.
An Alternative Killing Spinor Equation
Instead of the Killing spinor equation (2.1), one can consider the following alternative Killing spinor equation
In this case, note that if ǫ satisfies (4.1) then so does C * γ 5 ǫ. Hence it is sufficient to consider spinors ǫ which satisfy C * γ 5 ǫ = ǫ. A basis of such spinors over R is given by {φ 1 , φ 2 , φ 3 , φ 4 } where
2)
The action of σ 1 , σ 2 , iσ 3 associated with (real) Spin(2,2) gauge transformations acting on Span R ({φ 1 , φ 2 }) is identical to the SL(2, R) generated by T 1 , T 2 , T 3 in (2.4).
The independent action of σ 1 , σ 2 , iσ 3 associated with (real) Spin(2,2) gauge transformations acting on Span R ({φ 3 , φ 4 }) is given bŷ
So in this case there are three possible canonical spinors corresponding to
however φ 1 and φ 3 are also related by the P in(2, 2) transformation generated by γ 3 , followed by rescaling with i, so there are two canonical spinors given by ǫ = 1 + e 12 , or ǫ = 1 + e 12 + e 1 − e 2 . (4.5)
The analysis of the case ǫ = 1 + e 12 produces exactly the same conditions as for the KSE (2.1), i.e. it is a geometry of the type found in [26] . It remains to analyse the conditions obtained from (4.1) in the case ǫ = 1 + e 12 + e 1 − e 2 . However, in this case, it is straightforward to prove that the resulting linear system is identical to that given in (3.17) under the change of holomorphic basis indices 1 ↔ 2 and1 ↔2.
Hence the supersymmetric solutions of (4.1) are in 1-1 correspondence with the supersymmetric solutions of (2.1) considered previously.
Conclusions
In this paper we have classified the supersymmetric solutions of minimal ungauged 4-dimensional supergravity in neutral signature. We find two classes of solutions with Majorana Killing spinors:
(i) The Killing spinor is chiral, and is parallel with respect to the Levi-Civita connection. The gauge field strength is self-dual, and the geometry admits a null-Kähler structure.
(ii) The Killing spinor is not chiral. These geometries admit a rotation-free null geodesic congruence W which is constructed from a vector spinor bilinear, and with respect to which a parallel frame exists. Certain other geometric conditions given in (3.64), (3.65) must also hold.
We have also considered a number of examples in these two classes. The geometries in class (i) are a sub-case of those considered in [26] , and their geometric structure is relatively straightforward to interpret, as all spinor bilinears must be parallel with respect to the Levi-Civita connection. In contrast, for the class (ii) solutions, the 2-form bilinear χ does not define a null almost-complex structure, although
which correspond to the self-dual/anti-self-dual parts of χ, do define null-almost complex structures. However, the geometric conditions (3.64) and (3.65) do not appear to be sufficient to imply that either of ω + or ω − is integrable. We remark that, for our general classification, we have concentrated solely on solutions preserving the minimal N = 1 supersymmetry; though for some of the explicit examples we have considered N = 2 solutions. In particular, if ǫ and C * ǫ are not proportional over C, then η 1 = ǫ + C * ǫ and η 2 = i(ǫ − C * ǫ) are linearly independent (over R) Majorana Killing spinors, i.e. the solution is really a N = 2 solution. Hence, to understand solutions of this theory preserving the minimal N = 1 supersymmetry, it is necessary and sufficient to consider the specific case of Majorana Killing spinors. We leave the classification of the N = 2 solutions to future work.
Finally, we note that the issue of supersymmetry counting and Majorana Killing spinors is also of relevance in connection with the work of [29] , in which solutions of the minimal gauged supergravity in neutral signature, and with nonzero cosmological constant Λ, were classified. The classification was undertaken for solutions with Λ < 0 and Λ > 0 separately. For the case Λ < 0, the supercovariant derivative does not commute with the charge conjugation operator, and so the theory does not admit Majorana Killing spinors. However, for Λ > 0, the supercovariant derivative does commute with charge conjugation, and Majorana Killing spinors should exist. Furthermore, one might expect (some of) the geometries found in our work to arise as appropriately tuned limits of Λ > 0 solutions in from [29] . However, this is not the case 1 , and the complete geometric interpretation of the class (ii) solutions remains elusive. It would be of interest to investigate these solutions further.
Appendix A Conventions
We begin with a split signature (pseudo)-holomorphic basis, i.e. a basis With respect to this metric we define
The gamma matrices act either on the space of Dirac spinors, which consists of the complexified span of {1, e 1 , e 2 , e 12 = e 1 ∧ e 2 }, or the subspace of Majorana spinors within the space of Dirac spinors. The canonical orbit elements differ depending on whether the spinors are Dirac or Majorana. We will find it useful to also work with a real spacetime basis {ê 1 ,ê 2 ,ê 3 ,ê 4 } with respect to which the metric is
and take 
14)
The action of the (real) Spin(2, 2) transformations generated by γ 12 ± γ 34 , γ 13 ± γ 24 and γ 14 ± γ 23 decomposes to (independent) actions of {σ 1 , σ 2 , iσ 3 } on the spans of basis elements {1, e 12 } and {e 1 , e 2 }. If we set ǫ 1122 = 1 with respect to the complex frame (A.2), this implies that ǫ 1234 = −1 with respect to the real frame (A.4).
